In this study, we introduce two classes of nonlinear mappings, the class of asymptotically demicontractive mappings in the intermediate sense and asymptotically hemicontractive mappings in the intermediate sense and prove the convergence of Mann-type and Ishikawa-type iterative schemes to their respective fixed points. Our results are improvements and generalizations of the results of several authors in the literature. MSC: 47H10; 47H09
Introduction and preliminaries
In the sequel, we give the following definitions of some of the concepts that will feature prominently in this study.
We define C as a convex subset of a normed space E. http It follows that ζ n →  as n → ∞. Then (.) is reduced to the following:
T n x -T n y  ≤ k n xy  + k I -T n x -I -T n y  + ζ n ,
We remark that if ζ n =  ∀n ≥  in (.), then we obtain (.), meaning that the class of asymptotically strict pseudocontractive mappings in the intermediate sense contains properly the class of asymptotically strict pseudocontractive mappings; () asymptotically pseudocontractive [] if there exists a sequence {k n } ⊂ [, ∞) with k n →  as n → ∞ such that
It is easy to show that (.) is equivalent to T n x -T n y  ≤ (k n -) xy  + xy -T n x -T n y  , ∀n ≥ , x, y ∈ C. (.)
The class of asymptotically pseudocontractive mappings was introduced in  by Schu [] . Qin et al. [] in  introduced the following class of asymptotically pseudocontractive mappings in the intermediate sense. They obtained some weak convergence theorems for this class of nonlinear mappings. They also established a strong convergence theorem without any compact assumption by considering the so-called hybrid projection method;
() asymptotically pseudocontractive mapping in the intermediate sense [] if there exists a sequence {k n } ⊂ [, ∞) with k n →  as n → ∞ such that It follows that τ n →  as n → ∞. Hence, (.) is reduced to the following:
T n x -T n y, xy ≤ k n xy  + τ n , ∀n ≥ , x, y ∈ C. (.) http://www.fixedpointtheoryandapplications.com/content/2013/ 1/352 In real Hilbert spaces, it is easy to check that (.) is equivalent to
We remark that if τ n =  ∀n ≥ , then the class of asymptotically pseudocontractive mappings in the intermediate sense is reduced to the class of asymptotically pseudocontractive mappings; () asymptotically demicontractive mappings [] if there exists a sequence {a n } such that lim n a n =  and for  ≤ k < ,
The class of asymptotically demicontractive maps was introduced in  by Liu []; () asymptotically hemicontractive mappings [] if there exists a sequence {a n } such that lim n a n =  and
The class of asymptotically hemicontractive maps was introduced in  by Liu [] , and it properly contains the class of asymptotically pseudocontractive maps and asymptotically strict pseudocontractive maps in which the fixed point set F(T) := {x ∈ C : Tx = x} = ∅ is nonempty. Clearly, if k =  in (.), then we obtain (.). Motivated by the above facts, we now introduce the classes of asymptotically demicontractive mappings in the intermediate sense and asymptotically hemicontractive mappings in the intermediate sense as generalizations of the classes of asymptotically demicontractive mappings and asymptotically hemicontractive mappings, respectively.
() The map T : C → C is said to be an asymptotically demicontractive mapping in the intermediate sense if there exists a sequence {a n } such that lim n a n =  and for some con-
Observe that if we put
then we get that ν n − →  as n → ∞ and (.) is reduced to the following:
Observe that if ν n =  for all n in (.), then we obtain (.); 
then we get that ν n − →  as n → ∞ and (.) is reduced to the following:
Observe that if ν n =  for all n ∈ N in (.), then we obtain (.). This means that the class of asymptotically hemicontractive maps in the intermediate sense is a generalization of the class of asymptotically hemicontractive maps. Clearly, if k =  in (.), then we obtain (.).
The following definition will be useful for our results.
for some constant L >  for all n ∈ N and x, y ∈ C. 
Then {x n } ∞ n= converges strongly to some fixed point of T.
Osilike [] in  extended the results of Qihou [] to more general q-uniformly smooth Banach spaces,  < q < ∞ for the class of asymptotically demicontractive mappings. Osilike The following lemmas will be useful in this study.
Lemma . []
Let sequences {a n } ∞ n= , {b n } ∞ n= satisfy a n+ ≤ a n +b n , a n ≥ , ∀n ∈ N, ∞ n= b n is convergent and {a n } ∞ n= has a subsequence {a n k } ∞ k= converging to . Then we must have lim n→∞ a n = . (.)
Lemma . []
Let H be a real Hilbert space. Then the following equality holds:
for all α ∈ (, ) and x, y ∈ H. 
Main results
Assume that the following conditions are satisfied: http://www.fixedpointtheoryandapplications.com/content/2013/1/352
. Then {x n } converges strongly to a fixed point of T.
Proof Fix p ∈ F(T). Using (.), (.) and Lemma ., we obtain
Using (.), (.) and Lemma ., we have y n -T n y n  = β n T n x n -T n y n + (β n ) x n -T n y n  = β n T n x n -T n y n
Using (.), (.) and (.), we obtain
(  .  ) http://www.fixedpointtheoryandapplications.com/content/2013/1/352
Using (.), Lemma . and condition (iii), we have
Observe that by condition (iii), k(β n )α n (α n ) = -M, where M > , so that the term T n y nx n  can be dropped. Hence, we obtain (.).
Next, we show that lim n→∞ T n x nx n = . From (.), we have
Since ∞ n= (a  n -) < +∞, it follows that lim n→∞ (a  n -) = . Hence, {a  n } ∞ n= is bounded. Since C is bounded and  ≤ α n ≤ β n ≤ , {α n ( + β n a  n )} ∞ n= and {α n ( + β n a  n ) x np  } ∞ n= must be bounded. Hence, there exists a constant M >  such that
Using (.) and (.), we obtain
Since lim n→∞ a n = , there exists a natural number N such that for n > N ,
(  .  ) http://www.fixedpointtheoryandapplications.com/content/2013/1/352
Assuming that lim n→∞ T n x nx n = , then there exist  >  and a subsequence {x n r } ∞ r= of {x n } ∞ n= such that
Without loss of generality, we can assume that n  > N . From (.), we obtain
Hence,
From (.), (.), (.) and  ≤ ≤ α n ≤ β n , we observe that
From ∞ n= (a  n -) < +∞, ∞ n= ν n < +∞ and the boundedness of C, we observe that the right-hand side of (.) is bounded. However, the left-hand side of (.) is positively unbounded when r → ∞. Hence, a contradiction. Therefore lim n→∞ x n -T n x n = .
(.)
Using (.), we have
x n+x n = α n T n y n + (α n )x nx n = α n T n y nx n ≤ α n T n y nx n ≤ α n T n y n -T n x n + T n x nx n ≤ α n L y nx n + T n x nx n ≤ α n ( + β n L) T n x nx n . 
But ∞ n= (a  n -) < +∞ and ∞ n= ν n < +∞ imply that ∞ n= M(a  n - + ν n ) < +∞. From (.), it follows that there exists a subsequence { x n rq  } ∞ r= of { x nq  } ∞ n= , which converges to . Hence, using (.) and Lemma ., lim n→∞ x nq  = . This means that lim n→∞ x n = q. The proof of the theorem is complete. 
Theorem . Let H be a Hilbert space, C ⊂ H be a nonempty closed bounded and convex subset of H; T : C → C be a completely continuous and asymptotically demicontractive mapping in the intermediate sense with sequence {ν n } as defined in (.). Assume that F(T) is nonempty. Let {x n } be a sequence defined by x  = x ∈ C and
x n+ = α n T n x n + (α n )x n , ∀n ∈ N,
where α n ∈ [, ]. Assume that the following conditions are satisfied: (i) the sequence {a n } is such that a n ∈ [, +∞) and ∞ n= (a  n -) < +∞, http://www.fixedpointtheoryandapplications.com/content/2013/1/352
(ii)
∞ n= ν n < +∞ and (iii) ≤ α n ≤ k -∀n ∈ N for some >  and k ∈ [, ). Then {x n } ∞ n= converges strongly to a fixed point of T.
Proof Using (.), we obtain
From (.) and Lemma ., we have
Now, we show that lim n→∞ T n x nx n = . But  < ≤ α n ≤ k -, kα n ≥ . Hence α n (kα n ) ≥  and ν n − →  as n → ∞. From (.), we have
Since C is bounded and T is a self-mapping on C, it follows that there exists some M >  such that x np  ≤ M, ∀n ∈ N. But α n ∈ [, ], from (.) we obtain
∞ n=  T n x nx n  < +∞. Hence, we obtain lim n→∞ T n x nx n  = . So that lim n→∞ T n x nx n = . (.)
Since {x n } ∞ n= is a bounded sequence and T is completely continuous, hence there is a subsequence {Tx n k } ∞ k= of {Tx n } ∞ n= . Using (.), {x n } ∞ n= must have a convergent subsequence {x n k } ∞ k= . Assume lim k→∞ x n k = x * . From the continuity of T and using (.), we obtain x * = Tx * , meaning that x * is a fixed point of T. Hence, {x n } ∞ n= has a subsequence which converges to a fixed point x * of T.
Since 
where α n , β n ∈ [, ]. Assume that the following conditions are satisfied: (i) the sequence {a n } is such that a n ∈ [, +∞) ∀n ∈ N and ∞ n= (a  n -) < +∞,
Proof Fix p ∈ F(T). Using (.), (.) and Lemma ., we obtain y np  = β n T n x np + (β n )(x np) 
Using (.), (.) and Lemma ., we have y n -T n y n  = β n T n x n -T n y n + (β n ) x n -T n y n  = β n T n x n -T n y n
Using (.), (.) and (.), we obtain T n y np  ≤ a  n y np  + y n -T n y n  + ν n ≤ a  n  + β n a  n - x np  + β  n T n x nx n  + β n ν n
Using (.), Lemma . and condition (iii), we have
x np  http://www.fixedpointtheoryandapplications.com/content/2013/1/352
Next, we show that lim n→∞ T n x nx n = . From (.), we have
must be bounded. Hence, there exists a constant M >  such that
Using (.) and (.), we obtain
On squaring both sides, we obtain ( + bL  )  < ( √  + L  )  , so that  + bL  + b  L  <  + L  , so we obtain L  -bL b  L  > , by dividing through by L  , we obtain  -bb  L  > . Hence,
Without loss of generality, we can assume that n  > N . From (.), we obtain Since {x n } is bounded, the sequence {Tx n } has a convergent subsequence {Tx n r } say. Let Tx n r → q as r → ∞. Then x n r → q as r → ∞ since  = lim r→∞ [x n r -Tx n r ] = lim r→∞ x n rlim r→∞ Tx n r = lim r→∞ x n rq.
(  .   )
By the continuity of T, Tx n r → Tq as r → ∞ but Tx n r → q as r → ∞. Hence, q = Tq. Hence, {x n } ∞ n= has a subsequence which converges to the fixed point q of T. Using (.), there exists some natural number N , when n > N , (β nβ  n L  )β n a  n ≥ -b-b  L   >  ∀n > N . Using (.),  ≤ α n ( + β n a  n )ν n + α n ( + β n a  n )(a  n -) x nq  ≤ M(a  n -) + Mν n . From (.),
But ∞ n= (a  n -) < +∞ and ∞ n= ν n < +∞ imply that ∞ n= M(a  n - + ν n ) < +∞. From (.), it follows that there exists a subsequence { x n rq  } ∞ r= of { x nq  } ∞ n= , which converges to . Hence, using (.) and Lemma ., lim n→∞ x nq  = . This means that lim n→∞ x n = q. The proof of the theorem is complete.
Observe that if ν n =  for all n ∈ N in Theorem ., then we obtain Theorem  of Qihou [].
Corollary . [, Theorem ] Let H be a Hilbert space, C ⊂ H be nonempty closed bounded and convex; T : C → C be completely continuous and uniformly L-Lipschitzian and asymptotically hemicontractive with sequence {a n }, a n ∈ [, +∞); ∀n ∈ N, ∞ n= (a n -) < +∞; {α n }, {β n } ∈ [, ]; ≤ α n ≤ β n ≤ b for ∀n ∈ N, some > , and some b ∈ (, L - [( + L  )   -]); x  ∈ C for ∀n ∈ N define z n = β n T n x n + (β n )x n , x n+ = α n T n z n + (α n )x n , n ≥ .
Then {x n } converges strongly to some fixed point of T.
Since the class of asymptotically pseudocontractive mappings in the intermediate sense is a subclass of the class of asymptotically hemicontractive mappings in the intermediate sense, we obtain the following corollary. be a sequence defined by x  = x ∈ C and y n = β n T n x n + (β n )x n , x n+ = α n T n y n + (α n )x n , n ≥ , (.)
